Introduction
Consider a particle orbit that traverses a given beam element. Let the symbol zi denote collectively the initial conditions for the particle orbit as it enters the element. For example, zi may refer to transverse coordinates and momenta or may also be enlarged to include the total momentum and differential transit time. Similarly, let zf denote the final conditions as the orbit leaves the beam element. Then the connection between the initial and final conditions will be written as Zf = MziI (1) and the relationship M will be called a transfer map for the element in question. Next, consider a particle orbit that passes through a succession of beam elements. It is clear that there is also a net transfer map for any sequence of beam elements and that this net transfer map is given by the product of the transfer maps of the elements comprising the sequence. In particular, for a circular machine there is a transfer map that describes the effect of making one complete circuit.
widely used program TRANSPORT.1 In addition, as indicated, there are generally also third and higher order terms in the expansion.
Because a transfer map arises from tracing orbits whose equations of motion are derived from a Hamiltonian, it must satisfy certain general condiTions.
Define a matrix L called the linear part of M by the equation.
Then a necessary and sufficient condition that M be the result of a Hamiltonian flow is that the matrix L be symplectic.2 That is, L must satisfy the equation
where, in a suitable coordinate system, J is the matrix having the block f orm
For this reason, a transf er map is technically referred to as a symplectic map.
Note that L in general depends on zi and that (4) must be satisfied identically for every zi. It follows that the coefficients R, T, etc., appearing in the expansion (2) are not all independent. Consequently, a Taylor series expansion is not a convenient way of parameterizing a symplectic map. This paper shows that symplectic maps are more conveniently expressed using the recently developed tools of Lie operators Lie transformations, and the factorization theorem.) These tools also provide a procedure for systematically computing the net transfer map produced by a sequence of linear and nonlinear elements. Finally, they provide a procedure for the multiple iteration of a transfer map, and therefore make it possible to compute the effect of many turns in a synchrotron or storage ring. 
Here g is any function of the phase-space variables, and the square bracket [,] denotes the Poisson bracket operation familiar from classical mechanics. Using these tools, it can be shown that the general symplectic map of the form (2) can be uniquely factored into a product (usually infinite) of Lie transf ormations: 
Combining the perfect ring and the short sextupole, the net transfer map for the entire ring is given by the expression
Again using (8) and employing the notation of (1), one finds from (13) that the net transformation in going once around the ring is given by the expressions qf = ql Cos w + pl sin w pf = -qi sin w + pi cos w + s(qf)2.
This example is essentially the same as that considered by Crosbie et al. 4 However, for reasons of symmetry, they chose to view the entire ring as half a sextupole followed by the perfect ring followed by the second half of the sextupole. In the language of Lie transformations, their choice amounts to a transfer map MC having the factorization exp(F3/2) exp(F2) exp(F3/2). The analog to (14) range from -l to 1.
In Fig. 1 the tune is away from resonance, the sextupole produces only an "egg shaped" distortion, and its effect appears to be perfectly described by h. Since the trajectories generated by h are closed, all initial conditions within the square give stable orbits.
In Fig. 2 
